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INVARIANCE OF REGULARITY CONDITIONS UNDER
DEFINABLE, LOCALLY LIPSCHITZ, WEAKLY
BI-LIPSCHITZ MAPPINGS
MA LGORZATA CZAPLA
Abstract. In this paper we describe the notion of a weak lipschitzian-
ity of a mapping on a Cq stratification. We also distinguish a class of
regularity conditions that are in some sense invariant under definable,
locally Lipschitz and weakly bi-Lipschitz homeomorphisms. This class
includes the Whitney (B) condition and the Verdier condition.
Introduction
The first goal of this paper is to study the notion of a weakly Lipschitz
mapping on a fixed Cq stratification, which generalizes the notion of a Lip-
schitz function. Section 1 consists of the basic definitions and notation,
while in Section 2 we introduce the main idea together with its geometri-
cal interpretation and discuss its fundamental properties. Weakly Lipschitz
mappings were used earlier under the name fonctions rugueuses by J.-L.
Verdier [Ver], who considered them from a different point of view compared
to the present paper.
The second goal of this paper is to distinguish a special class of regu-
larity conditions (Section 3); namely, the conditions which are definable,
generic, Cq invariant and having the property of lifting with respect to lo-
cally Lipschitz mappings and the property of projection with respect to
weakly Lipschitz mappings. In the definable case these properties make
the regularity conditions in some sense invariant with respect to definable,
locally Lipschitz, weakly bi-Lipschitz homeomorphisms (Theorem 3.15).
In Sections 4 and 5 we prove that the Whitney (B) condition and the
Verdier condition belong to the distinguished class.
Key words and phrases. o-minimal structure, weakly Lipschitz mapping, Verdier con-
dition, Whitney conditions.
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1. Preliminaries
We denote by | · | the euclidean norm of Rn, Sn−1 = {x ∈ Rn : |x| = 1}.
In the whole paper q denotes the class of smoothness of a mapping, so
q ∈ N or q ∈ {∞, ω}, unless otherwise indicated. Also we denote by Gk,n
the Grassmann manifold of k dimensional vector subspaces of Rn. Then
Pn−1 = G1,n is the real projective space of dimension n− 1.
Definition 1.1. Let v ∈ Sn−1 and W be a nonzero linear subspace of Rn.
We put
d(v,W ) = inf{sin(v, w) : w ∈ W ∩ Sn−1},
where sin(v, w) denotes the sine of the angle between the vectors v and w.
We also put d(u,W ) = 1 if W = {0}.
Definition 1.2. For any P ∈ Gk,n and Q ∈ Gl,n, we put
d(P,Q) = sup{d(λ;Q) : λ ∈ P ∩ Sn−1},
when k > 0, and d(P,Q) = 0, when k = 0.
Now we list some elementary properties of the function d, leaving the
proof to the reader.
Proposition 1.3.
a) 0 6 d(P,Q) 6 1.
b) d(P,Q) = 0⇐⇒ P ⊂ Q.
c) d(P,Q) = 1⇐⇒ P ∩Q⊥ 6= {0} (or d(P,Q) < 1⇐⇒ P ∩Q⊥ = {0} ).
d) d(P,R) 6 d(P,Q) + d(Q,R).
e) d(P,Q) = d(Q,P ) if dimP = dimQ.
f) d is a metric on every Gk,n.
g) d(Rv,Q) = |v − piQ(v)| = dist(v,Q) = |piQ⊥(v)| = sin
(
v,
piQ(v)
|piQ(v)|
)
=
d
(
Rv,R
piQ(v)
|piQ(v)|
)
, where piQ denotes the orthogonal projection onto Q, v is a
unit vector, not orthogonal to Q and dist(v,Q) = inf{|v − w| : w ∈ Q}.
h) Consider the following metric on Pn−1:
d˜(Rv,Rw) = min{|u− w|, |u+ w|} for u, w ∈ Sn−1.
Then we have the following inequalities
1√
2
d˜(Rv,Rw) 6 d(Rv,Rw) 6 d˜(Rv,Rw).
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i) If P ⊂ P ′, then d(P,Q) 6 d(P ′, Q).
j) If Q′ ⊂ Q, then d(P,Q) 6 d(P,Q′).
To transform d into a metric D in Gn =
n−1⋃
k=1
Gk,n (disjoint union), we put
D(P,Q) = max{d(P,Q), d(Q,P )}.
Then Gk,n are open-closed components in Gn and D(Gk,n,Gl,n) = 1 for
k 6= l. It is easy to check that
|d(P1, Q1)− d(P2, Q2)| 6 D(P1, P2) +D(Q1, Q2),
hence the function d is continuous.
We will need another function which characterizes the mutual position of
two linear subspaces V and W of Rn.
Definition 1.4.
δ(V,W ) = inf{d(v,W ) : v ∈ V ∩ Sn−1}
if V 6= {0}, and δ(V,W ) = 1 if V = {0}.
The reader will easily check the following properties
Proposition 1.5.
i) δ(V,W ) = 0⇐⇒ V ∩W 6= {0}.
ii) δ(V,W ) > 0⇐⇒ V ∩W = {0}.
iii) δ(V,W ) = 1⇐⇒ V⊥W .
iv) δ(V,W ) 6 d(V,W ) 6 D(V,W ) if V 6= {0} 6= W .
v) δ is continuous.
Proposition 1.6. Let Λ ⊂ Rn be a Cq submanifold, f : Λ −→ Rm be a Cq
mapping. Assume that for each x ∈ graph f |Λ
δ(Txgraph f |Λ, {0} × Rm) > α > 0,
where α is a positive constant. Then
i) for any point x0 ∈ graphf |Λ and for any sequence {xν}ν∈N ⊂ graphf |Λ
converging to x0 such that the sequence {Txνgraphf |Λ}ν∈N is convergent,
δ
(
lim
ν→+∞
Txνgraph f |Λ, {0} × Rm
)
> α > 0.
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ii) for any Cq submanifold M ⊂ Λ, M × Rm is transversal to graphf |Λ
in Λ× Rn.
Proof. Observe that i) follows from the continuity of δ.
ii) By Proposition 1.5 ii)
Txgraph f |Λ ∩ ({0} × Rm) = {0},
hence it is enough to observe that dimTxgraphf |Λ = dimΛ.

Proposition 1.7. Let Λ ⊂ Rn be a Cq submanifold and let f : Λ −→ Rm be
a Lipschitz Cq mapping. Then there exists a positive constant α such that
δ(Txgraph f, {0} × Rm) > α > 0,
for each x ∈ graphf .
Proof. There exists L > 0 such that ||dyf || 6 L, for each y ∈ Λ. Now let
v ∈ Txgraphf , |v| = 1 for some point x = (y, f(y)), y ∈ Λ. Then there
exists a vector v˜ ∈ TyΛ such that
v = (v˜, dyf(v˜)).
Then we have
1 = |v| =
√
|v˜|2 + |dyf(v˜)|2 6
√
1 + L2 · |v˜|.
Therefore
|v˜| > 1√
1 + L2
> 0.
On the other hand
d(v, {0} × Rn) = |v˜|.

Now we recall briefly the notion of a Cq stratification.
Definition 1.8. Let A be a subset of Rn. A Cq stratification of the set A
is a (locally) finite family XA of connected C
q submanifolds of Rn (called
strata) such that
1) A =
⋃
XA ;
2) if Γ1,Γ2 ∈ XA, Γ1 6= Γ2 then Γ1 ∩ Γ2 = ∅;
3) for each Γ ∈ XA the set (Γ \ Γ) ∩ A is a union of some strata from
the family XA of dimension < dimΓ.
We say that the stratification XA is compatible with a family of sets
Bi ⊂ A, i ∈ I if every set Bi is a union of some strata of XA.
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Actually, we will be interested only in finite stratifications.
Definition 1.9. Let A ⊂ Rn and let f : A −→ Rm be a continuous map-
ping, XA be a C
q stratification of the set A such that f |Γ is of class Cq for
all Γ ∈ XA. Then by the induced Cq stratification of the graphf , we will
mean the following:
Xgraphf(XA) = {graphf |Γ : Γ ∈ XA}.
A natural setting for our results is the theory of o-minimal structures
(or more generally geometric categories), as presented in [D] (or [DM]).
In the whole paper the adjective definable (i.e. definable subset, definable
mapping) will refer to any fixed o-minimal structure on the ordered field of
real numbers R.
2. Weakly Lipschitz mappings
In this section we describe the idea of the weak lipschitzianity of a map-
ping and list its important properties.
Definition 2.1. Let A be a subset of Rn and let XA be a finite C
q stratifi-
cation of the set A. Consider a mapping f : A −→ Rm.
We say that f is weakly Lipschitz of class Cq on the stratification XA,
if for each stratum Γ ∈ XA the restriction f |Γ is of class Cq and the pair
(f,XA) satisfies one of the following equivalent conditions:
a) Whenever Λ,Γ ∈ XA, Γ ⊂ Λ \ Λ, a ∈ Γ and {aν}ν∈N, {bν}ν∈N are
arbitrary sequences such that aν ∈ Γ, bν ∈ Λ, for ν ∈ N, then
aν , bν −→ a (ν → +∞) =⇒ lim sup
ν→+∞
|f(aν)− f(bν)|
|aν − bν | < +∞.
b) For any stratum Γ ∈ XA and any point a ∈ Γ there exists a neighbour-
hood Ua of a such that the mapping
ψ : (Γ ∩ Ua)× ((A \ Γ) ∩ Ua) ∋ (x, y) 7−→ |f(x)− f(y)||x− y| ∈ R
is bounded.
c) For any strata Λ,Γ ∈ XA, Γ ⊂ Λ \ Λ and for any a ∈ Γ there exists a
neighbourhood Ua of a such that the mapping
ψ : (Γ ∩ Ua)× (Λ ∩ Ua) ∋ (x, y) 7−→ |f(x)− f(y)||x− y| ∈ R
is bounded.
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d) Whenever Λ,Γ ∈ Xgraphf(XA), Γ ⊂ Λ \ Λ, x ∈ Γ and {xν}ν∈N ⊂ Γ,
{yν}ν∈N ⊂∈ Λ are arbitrary sequences convergent to x, then
d
(
lim
ν→+∞
R
(
xν − yν), {0} × Rm
)
> 0.
e) Whenever Λ,Γ ∈ Xgraphf(XA), Γ ⊂ Λ \ Λ, x ∈ Γ if {xν}ν∈N ⊂ Γ,
{yν}ν∈N ⊂ Λ are arbitrary sequences convergent to x and there exists a
limit
L = lim
ν→+∞
R(xν − yν),
then L ∩ ({0} × Rm) = {0}.
Proposition 2.2. The conditions a)-e) from Definition 2.1 are equivalent.
Proof. a)⇒ c). Suppose that c) is not satisfied. Then we find some strata
Γ,Λ ∈ XA, Γ ⊂ Λ \ Λ and a point a ∈ Γ, for which we can find a basis
of neighbourhoods {Un}n∈N and two sequences {an}n∈N, {bn}n∈N such that
an ∈ Γ ∩ Un, bn ∈ Λ ∩ Un and
|f(an)− f(bn)|
|an − bn| > n,
a contradiction with the assumption.
c)⇒ a), b)⇔ c) are trivial.
a) ⇔ d) ⇔ e). Since Γ = graphf |Γ′, Λ = graphf |Λ′, x = (a, f(a)),
xν = (aν , f(aν)) and yν = (bν , f(bν)), when Γ
′,Λ′ ∈ XA, a, aν ∈ Γ′, bν ∈ Λ′,
aν −→ a and bν −→ a (ν −→ +∞), it is enough to observe that
d (R(xν − yν), {0} × Rm) = |aν − bν ||(aν , f(aν))− (bν , f(bν))|
=
1√
1 +
(
|f(aν)−f(bν )|
|aν−bν |
)2 .

Remark 2.3. If f : A −→ Rm is weakly Lipschitz on a stratification XA of
the set A, then f is continuous on A.
Of course, the weak lipschitzianity is a generalization of the Lipschitz
condition. Obviously, we have the following
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Proposition 2.4. Let A ⊂ Rn, f : A −→ Rm be a locally Lipschitz map-
ping. Assume that A admits a Cq stratification XA such that for all strata
Γ ∈ XA the map f |Γ is of class Cq. Then f is weakly Lipschitz of class Cq
on the stratification XA.
By the Cq Cell Decomposition Theorem (see [DM]), we have the following
Corollary 2.5. Let A ⊂ Rn, f : A −→ Rm be a definable locally Lipschitz
mapping. There exists a definable Cq stratification XA of A such that f is
weakly Lipschitz of class Cq on the stratification XA.
The weak lipschitzianity is a much weaker property than the local Lips-
chitz condition, as it is shown in the examples below.
Example 2.6. Let A ⊂ R2, A = Λ ∪ Γ1 ∪ Γ2 and XA = {Λ,Γ1,Γ2}, where
Λ = {(x, y) ∈ R2 : x ∈ (0, 1), 1
2
x2 < y < x2},
Γ1 = {(x, y) ∈ R2 : x ∈ (0, 1), y = 12x2},
Γ2 = {(0, 0)}.
Consider the mapping
f : A ∋ (x, y) −→ (x,√y) ∈ R2.
Then f is not Lipschitz in any neighbourhood of the point (0, 0), because
∂f
∂y
=
(
0, 1
2
√
y
)
is unbounded. However, f is weakly Lipschitz, because it is
locally Lipschitz on A \ {(0, 0)} and
|f(x, y)|
|(x, y)| =
√
x2 + y
x2 + y2
6
√
2x2
x2
6
√
2.
Example 2.7. Let Λ = {(x, y) ∈ R2 : y > 0}, Γ = {(x, y) ∈ R2 : y = 0},
A = Λ ∪ Γ. Consider the mapping f : A −→ R defined by the following
formula
f(x, y) =

(
x2
y7
− y2
)2
0 < x2 < y9,
0 x2 > y9 > 0.
Then f is weakly lipschitzian of class C1 on {Λ,Γ}. Indeed, f is C1
on A \ {(0, 0)}, hence it is locally Lipschitz on A \ {(0, 0)}. Moreover, if
(x, y) ∈ Λ, (x′, 0) ∈ Γ and f(x, y) 6= 0, then
|f(x, y)− f(x′, 0)|
|(x, y)− (x′, 0)| =
(
x2
y7
− y2
)2
√
(x− x′)2 + y2 6
y4
y
= y3.
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Nevertheless, f is not a Lipschitz mapping in any neighbourhood of (0, 0),
because ∣∣∣∣∣∂f∂x
(
y
9
2√
3
, y
)∣∣∣∣∣ = 83√3 1√y −→ +∞,
if y −→ 0.
The proofs of the following three propositions are straightforward.
Proposition 2.8. Let A ⊂ Rn, f : A −→ Rn be weakly Lipschitz of class
Cq (q > 1) on a Cq stratification XA. Let B ⊂ A. Then for any Cq
stratification XB of the set B, compatible with XA, the mapping f is weakly
Lipschitz of class Cq on the stratification XB.
Proposition 2.9. Let f : A −→ Rp be a weakly Lipschitz Cq mapping
(q > 1) on a Cq stratification XA of a set A ⊂ Rn and let g : B −→ Rr be
a weakly Lipschitz Cq mapping on a Cq stratification XB of a set B ⊂ Rp.
Assume that the image under f of each stratum from XA is contained in
some stratum from XB (in particular, f(A) ⊂ B). Then g ◦ f : A −→ Rr is
a weakly Lipschitz Cq mapping on XA.
Remark 2.10. The last proposition allows to define a category of stratified
sets as objects and weakly Lipschitz Cq mappings (q > 1) as morphisms.
Proposition 2.11. Let f : A −→ Rm and g : A −→ Rp be two weakly
Lipschitz Cq mappings on a Cq stratification XA of a set A ⊂ Rn. Then the
mapping
(f, g) : A ∋ x 7−→ (f(x), g(x)) ∈ Rm × Rp
is weakly Lipschitz of class Cq as well.
Definition 2.12. For a homeomorphic embedding f : A −→ Rm and a
Cq stratification XA of A such that for any Γ ∈ XA the map f |Γ is a Cq
embedding, we have a natural Cq stratification of the image f(A)
fXA = {f(Γ) : Γ ∈ XA}.
This leads to the following definition of a weakly bi-Lipschitz homeomor-
phism:
Definition 2.13. Let A ⊂ Rn be a set, f : A −→ Rm be a homeomorphic
embedding. Let XA be a C
q stratification (q > 1) of the set A such that for
all Γ ∈ XA the mapping f |Γ is a Cq embedding.
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We say that the mapping f is weakly bi-Lipschitz of class Cq on the
stratification XA, if f is weakly Lipschitz of class C
q on XA and the inverse
mapping f−1 : f(A) −→ A ⊂ Rn is weakly Lipschitz of class Cq on the
stratification fXA.
In order to check that the inverse mapping is weakly Lipschitz on fXA,
we can use the following obvious
Proposition 2.14. Let A ⊂ Rn, f : A −→ Rm be a homeomorphic embed-
ding. Let XA be a C
q stratification of the set A and assume that for each
stratum Γ ∈ XA the mapping f |Γ is a Cq embedding.
Then the mapping f−1 : f(A) −→ A is weakly Lipschitz of class Cq on
the stratification fXA, if and only if it satisfies the following condition
a’) for any strata Γ,Λ ∈ XA, Γ ⊂ Λ\Λ and for any point a ∈ Γ if {aν}ν∈N,
{bν}ν∈N are arbitrary sequences such that aν ∈ Γ, bν ∈ Λ for ν ∈ N, then
aν , bν −→ a (ν → +∞) =⇒ lim inf
ν−→+∞
|f(aν)− f(bν)|
|aν − bν | > 0.
3. The WL class of regularity conditions
In this section we describe some class of regularity conditions and we
prove that in o-minimal geometry they are in some sense invariant under
definable, locally Lipschitz, weakly bi-Lipschitz homeomorphisms. As it is
shown in the next sections, this class includes the Whitney (B) condition
and the Verdier condition.
From now on we fix on the ordered field R an o-minimal structure D
admitting definable Cq Cell Decompositions (q > 1 is also fixed). In the
whole paper definable means definable in D.
Theorem 3.1. Let p ∈ N, p > 1. For any finite family of definable sets A,
B1, ..., Bp ⊂ A ⊂ Rn, there exists a finite definable Cq stratification of A,
compatible with Bi, i = 1, 2, ..., p.
Proof. This easily follows from Cq Cell Decomposition Theorem (see [DM],
4.2).

Let Q be a condition on pairs (Λ,Γ) at points x ∈ Γ, where Λ,Γ ⊂ Rn are
Cq submanifolds, Γ ⊂ Λ \ Λ. Sometimes we will refer to Q as a regularity
condition.
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Definition 3.2. We say that Q is local if for an open neighbourhood U of
the point x ∈ Γ the pair (Λ,Γ) satisfies the condition Q at x if and only if
the pair (Λ ∩ U,Γ ∩ U) satisfies the condition Q at the point x.
We will be considering only local conditions. We adopt the following
notation:
WQ(Λ,Γ, x) ≡ the condition Q is satisfied for the pair (Λ,Γ) at x ∈ Γ.
WQ(Λ,Γ) ≡ WQ(Λ,Γ, x), for each x ∈ Γ.
∼ WQ(Λ,Γ, x) ≡ the negation of WQ(Λ,Γ, x).
Definition 3.3. We say that Q is definable if for any definable Cq subman-
ifolds Γ,Λ ⊂ Rn such that Γ ⊂ Λ \ Λ, the set
{x ∈ Γ : WQ(Λ,Γ, x)}
is definable.
Definition 3.4. Let Q be a definable condition. We say that Q is generic
if for any definable Cq submanifolds Λ,Γ ⊂ Rn, Γ ⊂ Λ \ Λ, the set
{x ∈ Γ : ∼ WQ(Λ,Γ, x)}
is nowhere dense in Γ.
We are interested in Cq stratifications satisfying a condition Q.
Definition 3.5. Let XA be a Cq stratification of A. We say that XA is
a stratification with a condition Q (or Q - stratification) if for each pair
Λ,Γ ⊂ XA
Γ ⊂ Λ \ Λ =⇒ WQ(Λ,Γ).
Theorem 3.6. ( Lojasiewicz-Stasica-Wachta) Let Q be a definable, generic
condition. Then for any finite family of definable subsets {Aj}j∈I of Rn,
there exists a finite definable Cq stratification XRn of R
n with the condition
Q, compatible with {Aj}j∈I.
Proof. A procedure was given in [ LSW], Prop.2 in the subanalytic case.
It suffices to observe that the same argument works in a general definable
case. 
Corollary 3.7. Let Q be a definable, generic condition. Given a definable
Cq stratification XA of a definable set A ⊂ Rn, there exists a finite definable
Cq stratification X′A of the set A with the condition Q such that X′A is
compatible with XA and moreover
{Γ′ ∈ XA : dim Γ′ = dimA} = {Γ ∈ XA : dimΓ = dimA}.
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Proof. Observe that using the downward induction from [ LSW] and cor-
recting a definable Cq stratification to the one satisfying the condition Q,
all we need to do is to substratify these strata of XA that are of dimension
< dimA. 
Definition 3.8. We say that a condition Q is Cq invariant (or invariant
under Cq diffeomorphisms) if for any Cq diffeomorphism φ : U −→ W of
open subsets U,W ⊂ Rn and any Cq submanifolds Λ, Γ ⊂ U such that
Γ ⊂ Λ \ Λ and for any point x ∈ Γ
WQ(Λ,Γ, x) ⇐⇒ WQ(φ(Λ), φ(Γ), φ(x)).
The class of conditions that we are to describe consists of the condi-
tions that are definable, generic and invariant under definable Cq diffeo-
morphisms. Additionally, two more features are required.
Definition 3.9. We say that a condition Q has a projection property with
respect to weakly Lipschitz mappings of class Cq if for any Cq mapping
f : A −→ Rm weakly Lipschitz on a Cq stratification XA of a set A ⊂ Rn,
we have
Xgraph f (XA) is a Q - stratification =⇒ XA is a Q - stratification.
Notice that this condition is equivalent to the following one:
For any subset E ⊂ Rn × Rm and its Cq stratification XE such that
pi1|E : E −→ Rn is a homeomorphic embedding and for each Γ ∈ XE,
pi1|Γ : Γ −→ Rn is a Cq embedding and (pi2|E) ◦ (pi1|E)−1 is weakly Lipschitz
of class Cq on pi1XE, we have
XE is a Q - stratification =⇒ pi1XE is a Q - stratification,
where pi1 : R
n × Rm −→ Rn and pi2 : Rn × Rm −→ Rm denote natural
projections.
Remark 3.10. By Propositions 2.9 and 2.11 the condition that the map-
ping (pi2|E) ◦ (pi1|E)−1 is weakly Lipschitz of class Cq on pi1XE is equivalent
to the condition that pi1|E is weakly bi-Lipschitz of class Cq on the stratifi-
cation XE.
A proof of the following proposition is trivial.
Proposition 3.11. Let Q be a condition, having the projection property
with respect to weakly Lipschitz mappings of class Cq. Let f : A −→ Rm be
weakly Lipschitz of class Cq on a stratification XA of a set A ⊂ Rn.
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Then for any Cq submanifolds Γ,Λ ⊂ graphf such that Γ ⊂ Λ \ Λ,
dimΓ < dimΛ 1 and {Λ,Γ} are compatible with the stratification Xgraphf(XA)
WQ(Λ,Γ) =⇒ WQ(pi1(Λ), pi1(Γ)).
Definition 3.12. We say that a condition Q has a lifting property with
respect to locally Lipschitz mappings of class Cq if for any two Cq submani-
folds Λ,Γ ⊂ Rn such that Γ ⊂ Λ \Λ, and for any locally Lipschitz mapping
f : Λ ∪ Γ −→ Rm such that the restrictions f |Λ, f |Γ are of class Cq and
for any Cq submanifolds M,N ⊂ Rn such that N ⊂ M \N and {M,N} is
compatible with {Λ,Γ}, we have
WQ(M,N),WQ(graphf |Λ, graphf |Γ) =⇒ WQ(graphf |M , graphf |N).
Equivalently, Q has the lifting property with respect to locally Lipschitz
mappings of class Cq if for any two Cq submanifolds Λ,Γ ⊂ Rn × Rm such
that Γ ⊂ Λ \Λ and pi1|Λ∪Γ is a homeomorphic embedding, pi1|Λ, pi1|Γ are Cq
embeddings and the mapping pi2|Λ∪Γ ◦ (pi1|Λ∪Γ)−1 : pi1(Λ)∪pi1(Γ) −→ Rm is
locally Lipschitz, the following holds true:
for any Cq submanifolds M,N ⊂ Rn such that N ⊂M \M ,
i) WQ(M,N),WQ(Λ,Γ),M ⊂ pi1(Λ), N ⊂ pi1(Γ) =⇒
WQ ((M × Rm) ∩ Λ, (N × Rm) ∩ Γ)
ii) WQ(M,N),M,N ⊂ pi1(Λ) =⇒WQ((M × Rm) ∩ Λ, (N × Rm) ∩ Λ)
iii) WQ(M,N),M,N ⊂ pi1(Γ) =⇒WQ((M × Rm) ∩ Γ, (N × Rm) ∩ Γ).
Remark 3.13. If a condition Q is Cq invariant, then the implications ii)
and iii) are always satisfied.
Definition 3.14. We say that a condition Q is aWL condition of class Cq
if it is
- definable ;
- generic ;
- invariant under definable Cq diffeomorphisms ;
- has the projection property with respect to weakly Lipschitz mappings of
class Cq;
- has the lifting property with respect to locally Lipschitz mappings of
class Cq.
1The inequality dimΓ < dimΛ is required for {Λ,Γ} to be a stratification of Λ ∪ Γ.
In the definable case the inequality follows from Γ ⊂ Λ \ Λ.
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Conditions of type WL are invariant under definable locally Lipschitz,
weakly bi-Lipschitz homeomorphisms in the following sense:
Theorem 3.15. (Invariance ofWL conditions under definable, locally Lip-
schitz, weakly bi-Lipschitz homeomorphisms) Let Q be a WL condition of
class Cq. Let A ⊂ Rn be a definable set and let f : A −→ Rm be a definable
homeomorphic embedding, weakly bi-Lipschitz of class Cq on a definable Cq
stratification XA of the set A. Assume that for any two submanifolds Λ,
Γ ∈ XA such that Γ ⊂ Λ \ Λ, the mapping f |Λ∪Γ is locally Lipschitz.
Then there exists a definable Cq stratification X′A of A, compatible with
XA such that
{Γ ∈ XA : dimΓ = dimA} = {Γ′ ∈ X′A : dimΓ′ = dimA}
and such that the condition Q is invariant with respect to the pair (f,X′A)
in the following sense
for any definable Cq submanifolds M,N ⊂ A such that N ⊂ M \M and
{M,N} are compatible with the stratification X′A
WQ(M,N) =⇒ WQ(f(M), f(N)).
Proof. Consider graphf ⊂ Rn × Rm and its definable Cq stratification
Xgraphf(XA) = {graphf |Γ : Γ ∈ XA}.
By Corollary 3.7 we find a definable Cq substratification XQgraphf(XA)
of the graphf with the condition Q that is compatible with the family
Xgraphf(XA) and moreover
{Γ′ ∈ XQgraphf(XA) : dimΓ′ = dimA} = {Γ ∈ Xgraphf(XA) : dimΓ = dimA}.
Now we will show that
X
′
A = {pi1(Λ) : Λ ∈ XQgraphf(XA)}
is a required stratification.
Of course X′A is really a definable C
q stratification of A, compatible with
XA and such that
{Γ ∈ XA : dimΓ = dimA} = {Λ ∈ X′A : dimΛ = dimA}.
By the projection property of the condition Q with respect to weakly Lip-
schitz mappings, X′A is a Q - stratification.
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Observe that for any two strata Λ,Γ ∈ X′A, Γ ⊂ Λ\Λ, the mapping f |Λ∪Γ
is still locally Lipschitz, because of the compatibility of X′A with XA.
For the same reason fX′A is compatible with fXA. Therefore, from Propo-
sition 2.8 we get that f is still weakly bi-Lipschitz of class Cq on X′A.
Consider now two definable Cq submanifolds M,N in Rn, N ⊂ M \M
that are compatible with the stratification X′A and WQ(M,N). Then two
cases are possible:
I. There exists a submanifold Λ ∈ X′A such that M,N ⊂ Λ. As f |Λ is a
definable Cq embedding, then by the invariance of the condition Q under
definable Cq diffeomorphisms we get that WQ(f(M), f(N)).
II. There exist two different Λ,Γ ∈ X′A such that N ⊂ Γ, M ⊂ Λ. Then
we have Γ ⊂ Λ \ Λ and observe that f |Λ∪Γ is still locally Lipschitz.
In this case, by the construction of the stratification XQgraph f(XA) we
know that WQ(graphf |Λ, graphf |Γ), so as the condition Q has the lifting
property under locally Lipschitz mappings of class Cq, we get
WQ(graphf |M , graphf |N).
On the other hand the mapping f−1 is weakly Lipschitz on the definable
Cq stratification {f(Λ), f(Γ)} and thus on {f(M), f(N)}. Observe that
Φ (graphf |M) = graphf−1|f(M), Φ (graphf |N) = graphf−1|f(N),
where Φ : Rn × Rm ∋ (x, y) 7−→ (y, x) ∈ Rm × Rn. Therefore, by the
projection property of the condition Q with respect to weakly Lipschitz
mappings we have
WQ(pi2(graphf |M), pi2(graphf |N)).
But pi2(graphf |M) = f(M), pi2(graphf |N)) = f(N), which completes the
proof.

Remark 3.16. As a corollary from the proof of Theorem 3.15 we get that
the definable Cq stratifications X′A and X
′
f(A) = {f(Γ) : Γ ∈ X′A} are the
Q - stratifications.
4. The Whitney (B) condition as a WL condition
In this section we will prove that the Whitney (B) condition is of type
WL of class Cq, q > 1.
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Definition 4.1. Let N ,M be Cq submanifolds of Rn such that N ⊂M \M
and let a ∈ N .
We say that the pair of strata (M , N) satisfies the Whitney (B) condition
at the point a (notation: WB(M,N, a)) if for any sequences {aν}ν∈N ⊂ N ,
{bν}ν∈N ⊂M both converging to the point a and such that the sequence of
the secant lines {R(aν−bν)}ν∈N converges to a line L ⊂ Rn in Pn−1 and the
sequence of the tangent spaces {TbνM}ν∈N converges to a subspace T ⊂ Rn
in GdimM,n, always L ⊂ T .
When the pair of Cq submanifolds (M,N) satisfies (respectively, does not
satisfy) the Whitney (B) condition at a point a ∈ N , we writeWB(M,N, a)
(respectively ∼ WB(M,N, a)). If for any point a ∈ N we haveWB(M,N, a),
we write WB(M,N).
Theorem 4.2. The Whitney (B) condition is definable and generic.
Proof. The proof in [TL2] for the structure (R,+, ·, exp, (r)r∈R) remains
valid for arbitrary o-minimal structures on (R, <,+, ·). See also [DM].

Definition 4.3. A definable Cq stratification XA of a definable set A ⊂ Rn
is called a Whitney stratification if for any pair of strata Γ,Λ ∈ XA such
that Γ ⊂ Λ \ Λ, the condition WB(Λ,Γ) is satisfied.
Remark 4.4. The Whitney (B) condition is invariant under C1 diffeomor-
phisms (see [Tro]).
In order to show that the Whitney (B) condition has the projection prop-
erty with respect to weakly Lipschitz mappings of class Cq, it suffices to
prove the following theorem.
Theorem 4.5. Let Λ,Γ ⊂ Rn be Cq submanifolds such that Γ ⊂ Λ \Λ and
dimΓ < dimΛ. Consider a mapping f : Λ ∪ Γ −→ Rm weakly Lipschitz of
class Cq on the stratification {Λ,Γ}. Then
WB(graphf |Λ, graphf |Γ) =⇒WB(Λ,Γ).
Proof. Let a ∈ Γ and {ak}k∈N ⊂ Γ, {bk}k∈N ⊂ Λ be sequences converging to
a and such that
R(ak − bk) −→ L, TbkΛ −→ T, when k −→ +∞
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with some L ∈ Pn−1, T ∈ GdimΛ,n. Then
(ak, f(ak)) −→ (a, f(a)), (bk, f(bk)) −→ (a, f(a)), k −→ +∞.
Without loss of generality we may assume that for k −→ +∞ we have
R ((ak, f(ak))− (bk, f(bk))) −→ L′, T(bk ,f(bk))graph f |Λ −→ T ′
with some L′ ∈ Pn+m−1, T ′ ∈ GdimΛ,n+m. Since WB(graphf |Λ, graphf |Γ),
then L′ ⊂ T ′. Because f is weakly Lipschitz on {Λ, Γ}, thus
pi1(L
′) = L.
On the other hand, as f |Λ is of class Cq, then for any k ∈ N
pi1
(
T(bk ,f(bk))graph f |Λ
)
= TbkΛ,
hence, by the continuity of pi1 we get the inclusion pi1(T
′) ⊂ T . Conse-
quently,
L = pi1(L
′) ⊂ pi1(T ′) ⊂ T.

Now we deal with the lifting property with respect to locally Lipschitz
mappings of class Cq for the Whitney (B) condition. It will easily follow
from a more general transversal intersection theorem for the Whitney (B)
condition.
Theorem 4.6. Let Λi,Γi (i = 1, 2) be two pairs of C
q submanifolds in Rn
such that Γi ⊂ Λi \ Λi and WB(Λi,Γi). Assume that Λ1 ∩ Λ2 and Γ1 ∩ Γ2
are Cq submanifolds such that Γ1 ∩ Γ2 ⊂ Λ1 ∩ Λ2 and for each x0 ∈ Γ1 ∩ Γ2
and any sequence {yν}ν∈N ⊂ Λ1 ∩ Λ2 converging to x0, we have
TyνΛi −→ Si (i = 1, 2) =⇒ dimS1 ∩ S2 = dimΛ1 ∩ Λ2.
Then WB(Λ1 ∩ Λ2,Γ1 ∩ Γ2) 2.
Proof. Let x0 ∈ Γ1 ∩ Γ2. Consider two sequences
{xn}n∈N ⊂ Γ1 ∩ Γ2, {yn}n∈N ⊂ Λ1 ∩ Λ2,
such that xn, yn −→ x0 for n −→ +∞. Assume that R(xn − yn) −→ L and
that the following sequences
{Tyn (Λ1 ∩ Λ2)}n∈N , {TynΛ1}n∈N , {TynΛ2}n∈N
2If for any G ∈ {Λ1,Γ1} and K ∈ {Λ2,Γ2} the submanifolds G and K are transversal
in Rn, then Theorem 4.7 follows from Lemma 4.2.2 in [Te].
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are convergent. Let
T = lim
yn→x0
Tyn(Λ1 ∩ Λ2).
By the assumptions
L ⊂ lim
yn→x0
TynΛ1 ∩ lim
yn→x0
TynΛ2 = lim
yn→x0
Tyn(Λ1 ∩ Λ2) = T.

Theorem 4.7. Let Λ, Γ be Cq submanifolds of Rn such that Γ ⊂ Λ\Λ. Let
f : Λ ∪ Γ −→ Rm be a locally Lipschitz mapping such that f |Λ, f |Γ are of
class Cq. Let M , N be Cq submanifolds of Rn such that N ⊂ M \M and
{M,N} are compatible with {Λ,Γ}. Then
WB(M,N), WB(graphf |Λ, graphf |Γ) =⇒WB(graphf |M , graphf |N).
Proof. If M,N ⊂ Λ or M,N ⊂ Γ, then WB(graphf |M , graphf |N) holds
true, because the Whitney (B) condition is Cq invariant. Now let M ⊂ Λ,
N ⊂ Γ. It is enough to use Theorem 4.6, where
Λ1 = graphf |Λ, Γ1 = graphf |Γ, Λ2 =M × Rm, Γ2 = N × Rm.
The last assumption of Theorem 4.6 is fulfilled, because f is locally Lipschitz
(use Prop. 1.6 and 1.7).

Corollary 4.8. The Whitney (B) condition is a WL condition of class Cq.
Corollary 4.9. Theorem 3.15 holds true for the Whitney (B) condition.
Remark 4.10. A similar theorem holds true in the analytic-geometric cat-
egory defined in [DM], as the Whitney stratification theorem holds true in
this category.
5. The Verdier condition as a WL condition
We start with some preparation.
Lemma 5.1. Let V be a linear subspace of Rn, Rn = V⊕V ⊥. Let 0 < α 6 1
be a constant and consider a set
Bα = {u ∈ Sn−1 : d(Ru, V ⊥) > α}.
Then there exists Cα > 0 such that:
i) for any u ∈ Bα, w ∈ Bα we have
d(RpiV (u),RpiV (w)) 6 Cα · d(Ru,Rw),
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ii) for any two linear subspaces L,K ⊂ Rn such that L∩ Sn−1 ⊂ Bα and
K ∩ Sn−1 ⊂ Bα,
d (piV (L), piV (K)) 6 Cα · d(L,K).
Proof. i). Let u, w ∈ Bα. Then
|piV (u)| = |u− piV ⊥(u)| = d(Ru, V ⊥) > α,
|piV (w)| = |w − piV ⊥(w)| = d(Rw, V ⊥) > α.
Hence ∣∣∣ piV (u)|piV (u)| − piV (w)|piV (w)| ∣∣∣ = ∣∣∣piV (u)·|piV (w)|−piV (w)·|piV (u)||piV (u)|·|piV (w)| ∣∣∣ =
=
∣∣∣piV (u)·|piV (w)|−piV (u)·|piV (u)|+piV (u)·|piV (u)|−piV (w)·|piV (u)||piV (u)|·|piV (w)| ∣∣∣
6 1
α2
· ∣∣piV (u) · (|piV (w)| − |piV (u)|) + |piV (u)| · (piV (u)− piV (w)) ∣∣
6 1
α2
· (|piV (u)| · ∣∣ |piV (u)| − |piV (w)| ∣∣ + |piV (u)| · |piV (u)− piV (w)| )
6 2
α2
(|piV (u)− piV (w)|) = 2α2 ∣∣piV (u− w)∣∣ 6 2α2 |u− w|.
Similarly,∣∣∣∣ piV (u)|piV (u)| + piV (w)|piV (w)|
∣∣∣∣ = ∣∣∣∣ piV (u)|piV (u)| − piV (−w)|piV (−w)|
∣∣∣∣ 6 2α2 |u+ w|.
Finally,
d(RpiV (u),RpiV (w)) 6 d˜(RpiV (u),RpiV (w)) 6
2
α2
· d˜(Ru,Rv)
6 2
√
2
α2
d(Ru,Rv).
The ii) is an easy corollary from i).

We will also need the following definition of the sine of the angle between
two linear subspaces.
Definition 5.2. Let S,K ⊂ Rn be linear subspaces. Then we define
λ(S,K) =

inf{d(Ru,Rw) : u ∈ S ∩ Sn−1, w ∈ K ∩ Sn−1, u, w ⊥ S ∩K},
for S 6⊂ K and K 6⊂ S,
0, for S ⊂ K or K ⊂ S.
Remark 5.3. Notice that if S 6⊂ K and K 6⊂ S, then
λ(S,K) = δ
(
S ∩ (S ∩K)⊥, K ∩ (S ∩K)⊥) .
Proposition 5.4. Let k, l, n ∈ N and let S ∈ Gs,n, K ∈ Gk,n be such that
λ(S,K) > 0. Then
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i) for any v ∈ Rn, |v| = 1 we have
d(Rv, S ∩K) 6 1
λ(S,K)
(d(Rv, S) + d(Rv,K)).
ii) If R,L are linear subspaces in Rn, then
d(R ∩ L, S ∩K) 6 1
λ(S,K)
(d(R, S) + d(L,K)).
Proof. i). If v ∈ S ∩K, then the above inequality is satisfied as
d(v, S ∩K) = d(v, S) = d(v,K) = 0.
Assume now that v 6∈ S ∩K, which means that d(v, S ∩K) > 0. Then
λ(S,K) 6 d(R(piK(v)− piS∩K(v)),R(piS(v)− piS∩K(v)))
6 d(R(piK(v)− piS∩K(v)),R(v − piS∩K(v)))+
d(R(v − piS∩K(v)),R(piS(v)− piS∩K(v)))
=
|v − piK(v)|
|v − piS∩K(v)| +
|v − piS(v)|
|v − piS∩K(v)| =
d(v,K)
d(v, S ∩K) +
d(v, S)
d(v, S ∩K) ,
as required.
The assertion ii) follows trivially from i).

Proposition 5.5. Let p, k, s, n ∈ N, p < min{k, s}. Consider a set
Σ = {(S,K) ∈ Gs,n ×Gk,n : dim(S ∩K) = p}.
Then the mapping
λ : Σ ∋ (S,K) 7−→ λ(S,K) ∈ [0, 1]
is continuous.
Proof. The continuity of λ follows easily from the fact that the mapping
ψ : Σ ∋ (S,K) 7−→ S ∩K ∈ Gp,n
is continuous at any point (S0, K0) ∈ Σ, because Proposition 5.4ii) implies
the inequality
d(S ∩K,S0 ∩K0) 6 1
λ(S0, K0)
(d(S, S0) + d(K,K0))
for any (S,K) ∈ Σ.

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Proposition 5.6. Let s, k, p, n ∈ N and p < min{k, s}. Let Σ˜ be a compact
subset of the set
Σ = {(S,K) ∈ Gs,n ×Gk,n : dim(S ∩K) = p}.
Then
inf{λ(S,K) : (S,K) ∈ Σ˜} > 0.
Proof. Trivial as λ : Σ ∋ (S,K) 7−→ λ(S,K) ∈ [0, 1] is continuous and Σ˜ is
compact.

Corollary 5.7. Let s, k, p, n ∈ N, p < min{k, s} and let Σ˜ be a compact
subset of
Σ = {(S,K) ∈ Gs,n ×Gk,n : dim(S ∩K) = p}.
Then there exists C > 0 such that for any linear subspaces R,L of Rn
and for any (S,K) ∈ Σ˜
d(R ∩ L, S ∩K) 6 C · (d(R, S) + d(L,K)).
Proof. By Proposition 5.6 and 5.4 ii) the above inequality holds true with
the constant
C =
1
inf{λ(S,K) : (S,K) ∈ Σ˜} .

Definition 5.8. Let Λ, Γ be C2 submanifolds of Rn, Γ ⊂ Λ \ Λ. We say
that the pair (Λ,Γ) satisfies the Verdier condition at x0 ∈ Γ (notation:
WV (Λ,Γ, x0)) if there exists an open neighbourhood Ux0 of x0 in Rn and
Cx0 > 0 such that
∀x ∈ Γ ∩ Ux0 ∀y ∈ Λ ∩ Ux0 d (TxΓ, TyΛ) 6 Cx0 · |x− y|.
We say that (Λ,Γ) satisfies the Verdier condition (notation WV (Λ,Γ)) if
for each x0 ∈ Γ we have WV (Λ,Γ, x0).
In 1998 Ta Le Loi proved that
Theorem 5.9. The Verdier condition is definable and generic.
Proof. See [TL1] (compare to [ LSW] and [DW]). 
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Remark 5.10. As it was explained in [Ver], the Verdier condition is in-
variant under definable Cq diffeomorphisms, q > 2. However, it is not C1
invariant, as was shown in [BT].
Now we prove that the Verdier condition has the projection property with
respect to weakly Lipschitz mappings of class Cq, where q > 2.
Theorem 5.11. Let q > 2 and let Λ, Γ be Cq submanifolds of Rn × Rm,
Γ ⊂ Λ \ Λ and dimΓ < dimΛ 3. Let the mapping pi1|Λ∪Γ be a homeo-
morphic embedding such that pi1|Λ, pi1|Γ are Cq embeddings4. Assume that
the mapping pi2|Λ∪Γ ◦ (pi1|Λ∪Γ)−1 is weakly Lipschitz on the Cq stratification
{pi1(Λ), pi1(Γ)}.
Then
WV (Λ,Γ) =⇒WV (pi1(Λ), pi1(Γ)).
Proof. Put x′ = pi2|Λ∪Γ ◦ (pi1|Λ∪Γ)−1(x), for any x ∈ pi1(Λ ∪ Γ).
Let x0 ∈ pi1(Γ). After making a suitable C2 change of coordinates in a
neighbourhood of (x0, x
′
0) we can assume that pi1(Γ) = R
k × {0}n−k and
Γ = pi1(Γ)× {0}m = Rk × {0}n+m−k = Rk. Then x′ = 0, for any x ∈ pi1(Γ).
There exists an open neighbourhood U(x0,0) of the point (x0, 0) in R
n×Rm
and a constant C(x0,0) > 0 such that
d
(
T(x,0)Γ, T(y,y′)Λ
)
6 C(x0,0) · |(x, 0)− (y, y′)|,
for each (x, 0) ∈ Γ ∩ U(x0,0) and (y, y′) ∈ Λ ∩ U(x0,0).
Since the mapping pi2|Λ∪Γ ◦ (pi1|Λ∪Γ)−1 is weakly Lipschitz on the strati-
fication {pi1(Λ), pi1(Γ)}, there is a neighbourhood Ux0 of the point x0 in Rn
and a constant Lx0 > 0 such that
|0− y′|
|x− y| 6 Lx0 ,
for each x ∈ pi1(Γ) ∩ Ux0 and y ∈ pi1(Λ) ∩ Ux0 .
Without loss of generality we may assume that Ux0 = U(x0,0)∩(Rn × {0}m).
Then from the above argument, for all points (x, 0) ∈ Γ ∩ U(x0,0) and
(y, y′) ∈ Λ ∩ U(x0,0)
d(T(x,0)Γ, T(y,y′)Λ) 6 C(x0,0) · |(x, 0)− (y, y′)| 6 C(x0,0) ·
√
1 + (Lx0)
2 · |x− y|,
3Again we have to assume that {Λ,Γ} is a Cq stratification of Λ ∪ Γ.
4As before pi1 : R
n×Rm −→ Rn and pi2 : Rn×Rm −→ Rm denote natural projections.
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in other words
d(Rk, T(y,y′)Λ) 6 C(x0,0) ·
√
1 + L2x0|x− y|.
Hence, after diminishing U(x0,0),
d(Rk, T(y,y′)Λ) 6 1− α,
where 0 < α < 1 and then denoting by Ky the orthogonal projection of R
k
onto T(y,y′)Λ, we get a k dimensional subspace Ky of T(y,y′)Λ such that
d(Rk, Ky) = d(R
k, T(y,y′)Λ).
Consequently, by Lemma 5.1 ii):
d (Txpi1(Γ), Typi1(Λ)) = d
(
R
k, pi1
(
T(y,y′)Λ
))
=
d
(
pi1(R
k × {0}), pi1 (Ky)
)
6 Cα · d
(
R
k, T(y,y′)Λ
)
6 C˜ · |x− y|,
which completes the proof.

Corollary 5.12. The Verdier condition has the projection property with
respect to weakly Lipschitz mappings of class Cq, where q > 2.
It remains to deal with the property of lifting the Verdier condition with
respect to locally Lipschitz mappings of class Cq, q > 2. The argument is
analogous to that in the case of the Whitney (B) condition.
Theorem 5.13. Theorem 4.6 remains true when the Whitney (B) condition
is replaced by the Verdier condition, assuming that q > 2.
Proof. Let x0 ∈ Γ1 ∩ Γ2. There exists a neighbourhood Ux0 of x0 and a
constant Cx0 > 0 such that for each x ∈ Γi ∩ Ux0 and each y ∈ Λi ∩ Ux0
d (TxΓi, TyΛi) 6 Cx0 · |x− y|,
where i = 1, 2.
Case I. Assume that dimΛ1 ∩ Λ2 = min{dimΛ1, dimΛ2} = dimΛ1 (the
case, when dimΛ1 ∩ dimΛ2 = min{dimΛ1, dimΛ2} = dimΛ2 is similar).
Then Λ1 ∩ Λ2 is open in Λ1, hence Ty(Λ1 ∩ Λ2) = TyΛ1 and
d (Tx(Γ1 ∩ Γ2), Ty(Λ1 ∩ Λ2)) 6 d (TxΓ1, TyΛ1) 6 Cx0 · |x− y|
for each x ∈ Γ1∩Γ2∩Ux0 and y ∈ Λ1∩Λ2∩Ux0 , which completes the proof
of the Case.
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Case II. Assume now that dimΛ1 ∩ Λ2 < min{dimΛ1, dimΛ2}. Let
Σ = {(S,K) ∈ GdimΛ1,n ×GdimΛ2,n : dim(S ∩K) = dimΛ1 ∩ Λ2}.
Then by the assumptions, after perhaps diminishing the neighbourhood Ux0
the closure Σ˜ of the set
{(TyΛ1, TyΛ2) ∈ GdimΛ1,n ×GdimΛ2,n : y ∈ Λ1 ∩ Λ2 ∩ Ux0}
is a closed subset of Σ. By Corollary 5.7 there exists a constant C > 0 such
that for all x ∈ Γ1 ∩ Γ2 ∩ Ux0 , y ∈ Λ1 ∩ Λ2 ∩ Ux0 we have
d (TxΓ1 ∩ TxΓ2, TyΛ1 ∩ TyΛ2) 6 C · (d (TxΓ1, TyΛ1) + d (TxΓ2, TyΛ2)) .
Consequently,
d (Tx (Γ1 ∩ Γ2) , Ty (Λ1 ∩ Λ2)) 6 C · 2Cx0 · |x− y|.

Theorem 5.14. Theorem 4.7 remains true when the Whitney (B) condition
is replaced by the Verdier condition, assuming that q > 2.
Proof. It follows from Theorem 5.13 in the same way as Theorem 4.7 follows
from Theorem 4.6.

Corollary 5.15. The Verdier condition is a WL condition of class Cq,
q > 2.
Corollary 5.16. Theorem 3.15 holds true for the Verdier condition with
q > 2.
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